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Unconstraint Optimization

mxin J(X)

XeR"

Unconstraint optimization methods are
important because:

v'Some problems do not have constraints in
their variables

v'Allow an easy introduction of concepts that
will be used in NLP problems

v"Many optimization methods use unconstraint
methods in a phase of its implementation

v'Some NLP problems can be reformulated as
unconstraint ones



Outline

Examples
Theoretical solution

Optimizing a function of one variable
- Newton type methods

- Bracketing methods

— Polynomial approximation methods

Multivariate methods

- Gradient based algorithms
-~ Newton type algorithms

- Gradient free algorithms

Software

There exist many
methods. Only some of
them will be
considered in the
course



Redlich-Kwong’s equation

Empirical relation among: RT a
Pressure P v—-b v(v+ b)ﬁ
Temperature T a and b are unknown coefficients that must
Molar volume v be estimated using experimental data
of a real gas
volumen molar v Temperatura T Presion P
500 273 33
500 323 43
Example: CO, data 600 373 45
700 273 26
600 323 37
700 373 39
400 272 38
400 373 63,6




Data fit as an optimization problem

Given a function y =1f(z, p) that should fit a
set of N couples of data (z; , y;), estimate
the unknown parameters p that provides the
best fit

min Z(yi ~f(z,,p))°

The problem can be formulated as the minimization of the sum of
squares of the residuals y; — f(z;,p) with respect to the function
parameters p



An unconstraint optimization
problem

RT a

volumen molar v Temperatura T Presion P P = —
500 273 33 v-Db v(V+ b)ﬁ
500 323 43 2
600 373 45 a
700 273 26 mlbn Z P B
600 323 37 : V N b Vi (V + b)(
700 373 39
400 272 38
400 373 63,6

_ X, =a X,=Db
min J(X)

2

@ RT, X

_ : n min P. — - y
X = [Xl,xz] eR X, X, ;{ | (Vi —X2 Vi (Vi +X2)\/f)j




Building a open tank
-

We want to construct a tank like the one in the figure, whose base
length is 3 times the base width. The material used to build the
bottom cost 10€/m? and the material used to build the sides is
cheaper: 5€/m?

If the tank must have a volume of 60 m3 determine the dimensions
that will minimize the cost of building the tank.




An unconstraint optimization
problem

Cost = 10(3b . b) + 5(2 (3bh + bh)) = 30b2 + 40 bh

Volume =3b.b.h = 60 h = 20/b?

Min 30b? + 800/b

min J(x) = 30x° 4300
X X h
X=beR"
b

a=3b



Extremum analytical conditions

min J(X) In unconstraint optimization
" i problems there exist a set of
XxeR analytical conditions for a point
being the solution
Necessary The hessian H determines the character of
condition the possible optimum
oJ(X 2
X _g 23(X)

) H
Xy OX*



Extremum analytical conditions
-

! 2
J(x)::J(x*)+_Q£- (x——x*)+~1(x>—x*yéaj(x) (X=X)+....
OX | 2 .
0J . _ . . .
8_X =0 X that satisfy the equation is called a stationary point

,0°J(X)
oX*

If H(x*) is PD or PSD, J(X) presents a minimum in X

(X _ X*) 2"d order
approximation

1)~ I(x") %(x—x*)

If H(x*) is ND o NSD, J(X) presents a maximum in x*

If H(x*) is non definite there is no extremum, J(x) presents a saddle point in X



Extremum analytical conditions
-

min J(X) The analytical solution of the
§ n problem usually is a non-
XeR linear equation difficult to

solve, hence, very often is
better to use direct numerical

oJ(X)| 0 methods to solve the
ox | . optimization problem
X




Single variable Optimization
-

i There are important problems because:
min J(x) - |
X v'They are used in an intermediate step of other

x e R algorithms

v"Many problems are single variable ones
There exist several methods based on different criteria:
a) Solving the analytical solution
b) Minimizing the size of an interval containing the solution
c) Approximating the function by a polynomial
d) Other

Assumption: J(X) is unimodal and only have a local minimum



Newton-Raphson’s method for solving
non-linear equations f(x)=0

f(x
“ f(x) = %)
X — Xy
(X
' X = X _f'((xk))
Xk Xk+1 k

Each iteration corresponds
to a linear approximation




Newton’s method (Newton-Raphson)
S

- The analytical solution is J'(x)=0
min J(x) 4 )
X How to solve this equation?
XeR We can apply the Newton’s method for
solving non-linear equations f(z) = 0:
@)
Which leads to S f'(z,)
. J (Xk) Starting from an initial value x, one
ktl — Mk qi can generate a sequence X, X,, ....
J" (%) o

of values that improve the solution
until a stopping criterion is satisfied



_J(X)
©IT(%,)

X k+1

How many iterations?

J’(X)

Ending criteria:

| I(xi) [ <€

| Xern - X [ < €

| I%e1) — IX)| < €
k>N

The main difficulty is
associated to the

B X computation of the

@ O . . .

« derivatives, which may be
Ko Kirr “her2 also a time consuming task.



Derivatives
« 00000077

 Ifitis not possible to compute the derivatives
analytically, they can be approximated by:

J(X, +0)-J(X, —0o)

'JI(Xk): 2 o >0
© small
. J(X, +o0)—-2J(X,)+J(X, —o
‘J(Xk): ( k ) ((jgk) ( k )
Hence:
J(X, +0)—-J(X, —0o) G’

Xpq =X —
T (% +0)—2)(%, )+ (X, —0) 20



XO © OX3 OX5
@)
X4
Convergence X0
-]
Kipp = Ry — J. .(Xk) x
J" (%) l
e O—O 050 O
Xo X5 X3 Xy X1

We would say that the solution converges to x” when the
sequence of values x, generated by the algorithm verifies:

* *||P
Xy =X SC X, —X

O<c<l

From a certain k, so that the points x, are closer and closer to x*
c rate of convergence, p order of convergence



Newton’s method
«_«_ 7

(%) o
T,

k+1

@
X, X
Advantages: kKo Tkl
Quadratic local convergence

Inconveniences:

First and second derivatives must be computed or estimated

If 3”(x) —0 it converges slowly

If X, is far away from x” the method may not converge



Example J(X) = X2+ 4 cos(X)

D

Minimize J(X)
J(X) =

= 2X - 4sen(x’) =0

J(x)

Using a numerical
method:

X'=+1.895.. ,0

2 minimums (local, global) and
one maximum




Minimize J(X) = x? + 4 cos(X)

Minimize J(X)
using Newton

fal
O

J'(X) = 2x-4sen(x)

z J"(x) = 2 — 4cos(X)
1 |
2 1 0 1 2 3 4
X N « X, —2sen(X,)
k+t1 = Mk
~J(x,) ' 1—2cos(X,)




Minimize J(X) = x? + 4 cos(X)

J(X)

Xy = Xy

_I(x)
I (%)

B X, —2sen(X,)

7% 1-2c0s(x,)

=3 @

|, 3-2sen(3)

7 1-2c0s(3)
e o =2.088 o
2 3 X, % 038 _ 2.088 —2sen(2.088)
X" 1—2c0s(2.088)



J(x)

Example J(X) = x? + 4 cos(X)

D

NG

(O}

1
1,51

2 3

|_\
o
X P Q

*

X

It converges at different speeds and
to different points depending on the
initial guess

wl® e

351

251

0.5

20

10 1




Bracketing methods
-

They generate a series of
intervals of decreasing sizes
[X1 , X5], [X3, X5],.... cONntaining
the optimum, until the required
precision is met

2 steps:
1. Find an initial interval containing x*

2. Narrow the initial bracket until the required
precision is met



1 Initial (Semi)Bracket

Choose any two points x; < X,
If J(X;) < JI(Xy) > X <X,
If J(Xp) > I(X,) > X* > Xy

If J(Xy) = I(X,) > X* €[ Xq, X5]

J(X)\/ B Xl X2
* o o—



1 Initial Bracket
« "/ /7

Knowing an initial semi-bracket J(X)
p.e. [Xy, ) containing x*, in
order to find an initial bracket,
one can generate the following
sequence of points:

X; =X, +0 o-uo o o
X, =Xq+28 Xg Xq -oer Xy o
X, =X, +2°8

Comparing J(x,) until:

J(X,..1) > I(X) < J(X,.
‘= + 2% (%) > 3% = I(Krr)
The initial bracket is: [X,_; , Xi41]

o Positive or negative according to the semi bracket
Good compromise precision/number of iterations



2 Narrowing the bracket
-

o . J(x)
If in iteration number k the

bracket is:

[o , B], One can narrow its
lenght L, = B, - o, evaluating J(x)
In two points y, <y, inside the
bracket

1 1
o OO o
A4 S A4

o, 11 72 By

J(r) > 3(r2) = lown Beal = v Bl 04 0 choose the
J(y,) <I(y,) = [o. B ] =, y,]  twointernal points?

_ - 11T Many methods:
J(yl) ‘](YZ) = L0 3k+1- -y“yz] Fibonacci, e-minimax,

Golden section,....




2 Narrowing the bracket: e-minimax

J(X) Criterion: minimize the length of
= the biggest of the two possible
intervals resulting in the next step

Min max { v, - o, By - V1> Y2 - Y1}

. It y,=v,te€

©
®---------
®
o

o, Y1 V2 By Min max{y; + € - oy, Py - v}
Vit e€-oy=PB-11 W/Yl-ka-ak
v, = Buto & Symetrical
2 2| with respect to AR "
e we ot AU




2 Narrowing the bracket: e-minimax

J(X)
i £
0 @ | @ O
o 11 2 B,
Y2 - 0 = By- 11
B, + o,
Y1 5
Betoy, €
Y2 5 5

B, +o, ¢
L = a, = +——0, =
ki1 — V2 K 5 5 K
B —a, E_I—k"'g
2 2 2

€ should be chosen as small as possible in
order to reduce the length of the next bracket

In N steps:

L+ (2" -De L,
= 2N ~ 2N

LN




alfa, beta
o B N W b

Example J(X) = x? + 4 cos(X)

J(x)

Minimize J(X)
initial bracket [1,3]
e =0.02

First two intermediate
points: (3+1)/2 £ ¢/2

1,99, 2.01

Excel



Golden section
«_«_ 7

J(x)

&
o N ez By
o ofe o
Ol 71 72 B\
o—eie—o
S A P

The € — minimax method
computes the value of J(x) at two
internal points but it does not
uses this information in the
following iteration

The same problem can be stated
adding the condition that one of
the internal points, and hence its
associated cost J(x), can be
used in the following iteration:
This is the idea behind the
Golden section method



Golden section method
«_«_ 7

Pl Y.~ =pB —o ) =pL, =B, — 7,
o - yf v v, — v =(1-2p)L,
8, 52 Y2 — oy =(1-p)L,
S V1= =0, —0,, =(1-p)L; =
e e = (1-p)(r, — o)
won oL, = (1-p)2L,
A p°—3p+1=0

L., =0.618 L,

_3+/5 [isgreater than0.5
L, ~0.618"L, PT o T 0.382
1-p=0.618




Polynomial approximation methods

(2"d order)

J(x)

! 1 1
O @ ©

o, Yk K By

P(x) =a + bx + ¢cx?

Ploy) =a+boy +cCoy?=JI()
Piv) = a+by+cy =31
P(B = a+bp+cpB>=I(

If the value of J(x) is known at some
points (for instance, 3 points) in the
interval [o , B,] it IS possible to
compute a polynomial P(x) (of
second order) passing trough these
points and approximating J(x) in the
interval.

Then the analytical minimum of the
approximating polynomial will
provide a new point that will be used
in reducing the length of the interval,
but evaluating J(x) only once every
iteration.



Polynomial approximation methods
(2"d order)

P(x) = a + bx + ¢cx? . . :
Set of 3 linear equations in a, b, c

Poy) =a+b oy + ¢ oy >=I(ay) that can be solved:
Plro=a+by +cy 2=
P(B) = a+bp +cp?=JIB C= J(Bi) —I(vi) + (o) —I(v4)
(Bk — Oy )(Bk - Yk) (Bk - ak)(Yk - O°k)
b= J(v,) —I(oy)
Tk — O

J(x)

—C(yy +oy)

Minimum of P(x) = a + bx + cx?

u=-b/(2c), compute J(n) and
narrow the interval

o Tk H B



Polynomial approximation
methods (2"d order)

J(X)

1

1

1

1

1

1

I

1
O
A4

o Tk M B
oo @
o Tk M

T« H By

Minimum of P(x) = a + bx + cx2
u=-b/(2c), compute J(n) and
narrow the interval

Any of the two possible intervals for the
next step contains an interior point
were J(x) is known and can be used in
the new iteration.

It is possible to use interpolating
polynomials of different orders. For
Instance, a cubic interpolation using
four points.
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